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Non-liner constituent solutions calculated 
with linear constituent forcing

Continuity term dominates, but contribution of 
momentum forcing is also important.

MOMENTUMMOMENTUMMOMENTUM

Amplitude of  M4 obtained by direct factorization (DF) 
of linearized SWE with non-zero M2 forcing from one of 

the equations only:
CONTINUITYMOMENTUM

Solutions very similar a feasible M4 solution 
can be obtained by DF, using M2 forcing.

Time stepping (TS) of 
NL SWE (constituents: 
M2, S2, N2, K2, K1, O1, P1, 
Q1, M4, MS4, MN4)

Direct Factorization (DF) 
Solution of linearized 
SWE; forcing derived 
from TS solution for M2

Time-stepping of NL SWE

M4 amplitude

M4 phase

Model/TG amplitude Model/TG phase

Linearized SWE with M4
forcing calculated from M2

inverse solution 

M4 amplitude

M4 phase

Model/TG amplitude Model/TG phase

m

M4 forcing
momentum 
equation, 
derived from 
European 
Shelf 1/30°
M2 solution. 

M4 forcing
continuity 
equation, 
derived from 
European 
Shelf 1/30°
M2 solution.

MS4 solution, obtained using 
LFD prior forced by M2 and S2 
inverse

MS4 amplitude

MS4 phase
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1.130.672.271.052.490.91(6) LFD: M4 inverse, prior from case 3
1.250.712.651.142.670.89(5) LFD: M4 inverse, prior from case 2
1.600.823.411.152.621.21(4) LFD: M4 inverse, no prior
1.840.942.911.444.522.17(3) LFD: M4 prior, forcing from M2 inverse
2.521.244.291.947.103.26(2) LFD: M4 prior, forcing from M2 prior
4.431.877.273.1511.935.04(1) Time step solution 
4.041.77 7.492.9111.424.71RMS signal
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Modeling of non-linear shallow water tides: 
time step (TS) shallow water equations (SWE):

Non-linear terms give 
rise to overtides (e.g., 
M4) and compound tides 
(e.g., MS4)

e.g., force at M2 frequency, harmonically analyze at M2
and M4 frequencies
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Linearized frequency domain (LFD) approach:
expand solution in 
multiples (and sums) of 
forcing frequencies,
collect terms of common frequency, retaining only 
first order interactions linearized frequency domain 
equations for astronomically forced and non-linear 
constituents:
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Data Assimilation: frequency domain approach based on linearized, coupled systems of (1)-(2)

(1)
(2)

Write equations 
(1)-(2) as coupled 

system

SWE for M2, M4

Forcing 
for M4C
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Minimize penalty functional for coupled 
(weakly non-linear) problem

Coupled problem can be solved 
(approximately) with a two step 

procedure:

(1)  solve linear inverse problem for M2 (using only M2
data); use inverse solution to compute forcing for M4

(2) Use this to compute “prior” for M4, 
solve linear inverse problem (with 
appropriate covariance) using M4 data

Dynamical 
errors

i i i i= +d L υ ε

data for both 
constituents

1,2i =

Astron. 
forcing (M2)

M4 inverse solution: 531 
cycles of T/P+J1 and 114 

cycles of T/P2 data

M4 amplitude

M4 phase

Model/TG amplitude Model/TG phase

m

M4 solutions for the Northwest European Shelf: 1/30° grid

Using M2 inverse to compute forcing dramatically improves M4 prior

Fitting M4 data improves solutions further

Best results (especially for coastal gauges) obtained with two stage 
inversion approach

M4 prior for the 
Atlantic Ocean 

1/12° resolution,  
obtained by DF of 
SWE with forcing 
from M2 inverse.

M4 inverse 
(InvTPT2): 531 

cycles of 
Topex/Poseidon+

Jason and 114 
cycles of Topex2 
(in shallow water 

<1000m) data 
assimilated (each 

4th site along 
track). 

phaseamplitude

mm mm

mm deg.

Atlantic Ocean
Compound 
Tides: 

interaction 
between two 
different 
constituents

use similar 
approach—forcing 
for prior in first 
stage is computed 
from inverse 
solutions for two 
astronomical 
constituents

similar 
improvements in 
agreement with 
validation tide 
gauges

Comparison to 
validation tide gauges

76 pelagic gauges

51 coastal gauges

MN4 solution, obtained using 
LFD prior forced by M2 and S2 
inverse

MN4 amplitude

MN4 phase
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